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' Several authors have used the Heisenherg picture to show that the 

atomic transitions, the stabihty of the ground state and the position- 
momentum commutation relation [x,p] = ih, can only be explained 
by introducing radiation reaction and vacuum electromagnetic fluc- 

■ tuation forces. Here we consider the simple case of a nonrelativistic 
charged harmonic oscillator, in one dimension, to investigate how to 

pi i' take into account the radiation reaction and vacuum fluctuation forces 

within the Schrodinger picture. We consider the effects of both clas- 
sical zero-point and thermal electromagnetic vacuum fields. We show 
^ \ that the zero-point electromagnetic fluctuations are dynamically re- 

O^' lated to the momentum operator p = —ihd/dx used in the Schrodinger 

picture. Consequently, the introduction of the zero-point electromag- 
^ I netic fields in the vector potential Ax{t) used in the Schrodinger equa- 

■ tion, generates "double counting", as was shown recently by A.J. Faria 
et al. (Physics Letters A 305 (2002) 322). We explain, in details, 
how to avoid the "double counting" by introducing only the radiation 
reaction and the thermal electromagnetic fields into the Schrodinger 
equation. 
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1. Introduction 



The question concerning the equivalence between the Schrodinger and the 
Heisenberg pictures of quantum mechanics was raised a long time ago by 
P.A.M. Dirac p. Recently, A.J. Faria et al. |2j have addressed the problem 
of the equivalence between the two pictures. In order to clearly explain this 
problem we start by indicating the importance of the radiation reaction and 
the vacuum zero-point electromagnetic fields to the understanding of the 
atomic transitions, and the atomic stability, using the Heisenberg picture 
and quantum electrodynamics. 

Consider a physical system like the hydrogen atom. Its Hamiltonian is 

^2 2 

Hs = ^--. (1) 
2m r 

and the atomic states are such that 

Hs\^a.c,a) = ea|vac, a) , (2) 

where is the energy of the atom and |vac, a) = |vac)|a) denotes the state 
in which the atom is in the stationary state |a), and the field is in its vacuum 
state I vac) of no photons. Considering the above system, Dalibard, Dupont- 
Roc and Cohen- Tannoudji [H] have discussed the role of the vacuum zero-point 
fluctuations and the radiation reaction forces, with the identification of their 
respective contributions, in the domain of the atomic transitions with emission 
of electromagnetic radiation. Considering the conceptual importance of this 
paper we summarize their main conclusion. 

Using a perturbative calculation based on the Heisenberg picture, Dal- 
ibard et al. concluded that the variation with time of the energy of the 
system is such that 

,dHs. 2 6% -^21 



2e^ 



(vac, a|-^ I vac, a) = -3^(«l(^) W) + 



(3) 



The first term in (jS)) is the contribution of radiation reaction whereas the 
second, and the third terms, are the contributions of the vacuum fluctuation 
forces. It is straightforward to show that Q can be written as 



vac, a 



^^|vac,a) = -^^ S (a|f^6) ■ (6|f=1a) . (4) 
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We note that, if self reaction was alone (see the first term in (jS))), the atomic 
ground state would not be stable, since the square of the acceleration has a 
non zero average value in such a state. Moreover, such a result is extremely 
simple and exactly coincides with what is found in classical radiation theory 
The complete result (see equation (jH)), which includes the vacuum forces, 
is even more satisfactory because the electron in the vacuum can only lose 
energy by cascading downwards to lower energy levels. The ground state 
cannot be stable in the absence of vacuum fluctuations which exactly balance 
the energy loss due to self reaction j^. In other words, if self reaction was 
alone, the ground state would collapse and the atomic commutation relation 
= ih would not hold [3j. As stated in reference 3j, "all self reaction 
effects, which are independent of h, are strictly identical to those derived 
from classical radiation theory. All zero-point vacuum fluctuation effects, 
which are proportional to h can be interpreted by considering the vibration 
of the electron induced by a random field having a spectral power density 
equal to fkj/2 per mode". Therefore, in several situations, the zero-point 
and thermal vacuum fields can be successfully replaced by classical random 
fields in El El El El , so that the electric and magnetic fields can be considered 
as fluctuating sources of energy. 

In order to clarify the features of the interaction between the atom and 
the vacuum fluctuating fields, we study the statistical properties of a charged 
harmonic oscillator interacting with vacuum fields, using the Schrddinger 
picture. This is discussed in section 2. We consider separately the effects 
of each kind of fluctuating field. The effects of the zero-point radiation and 
the radiation reaction are analized within the subsection 2a. The effects 
of the thermal radiation and the radiation reaction are studied within the 
subsection 2b. Conclusions are presented in the section 3. 

2. Charged harmonic oscillator according to 
the Schrodinger picture 

For clarity reason and in order to simplify the calculations, the classical 
vacuum electric fields to be considered here are the random zero-point and 
thermal electric fields of Stochastic Electrodynamics (SED). An excellent 
review of SED is given in the book by de la Pena and Cetto |H] . 

We shall assume that the motion of the charged oscillator is non relativis- 
tic (mc^ >> hwo) so that the dipole approximation will be used p. We shall 
see that this approximation is consistent with the calculations presented in 
the subsection 2.1 and 2.2. Following the notation of Boyer IH], the x com- 
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ponent of the zero-point electric field, acting on the bounded charge moving 
close to the origin of the coordinate system, is 



A=l ^ 

In the long wavelength approximation, one can write this expression as a 
function of the time t only, that is. 



Eo{t) A)^^^ Y'^k^)^-i.t ^ ^ 

A=l ^ 

because the large values of | | will not contribute to the motion of a charge 
bounded by a harmonic force (frequency ujq). This will be very clear in the 
next section (see also T.H. Boyer [Hj). 

In (P), 6{k, A) are random phases statistically independent and uniformly 
distributed in the interval [0,27r], k is the wave vector such that \k\ = uj/c, 
and e^(/c. A) is the polarization vector projected in the with A = 1 , 2. 

Notice that spectral density of the zero-point radiation is such that IH] 

The thermal electric field Exit) is also random and is, by assumption, sta- 
tistically independent from EQ{t). It can be written in a similar manner, 
namely 

Erit) ~ y / d'ke^ik, A)Mi^[e*e(fc,A)g-^-* + ^_^_] ^ (g) 
where T is the absolute temperature and the function h{uj,T) is given by 



M^,r) = ^— [coth(^)-i]. (9) 

Notice that h{uj,T) = if T = 0. The spectral density of the thermal 
radiation is such that 

PtM = ^ (-sj^) ■ (10) 



The system we shall study is a charged harmonic oscillator with natural 
frequency uq and mass m {mc^ » hwo), already considered in a previ- 
ous work [2]. We shall consider firstly the effects of the zero-point electric 
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field -Eo(^)) given in ©, and the radiation reaction force. Tlie electric field 
associated with the radiation reaction will be denoted by Eji^it) and will 
be obtained later. The above fields will be introduced into the Schrodinger 
equation through the vector potential A^it) such that 

1 riA 

— ^ = Eo{t) + EnR{t), (11) 
c ot 

in the case of zero-point radiation, or 

1 8A 

' Erit) + EnRit) , (12) 



c dt 

in the case of thermal radiation. 



2.1) The effects of the zero-point field and the radiation 
reaction in the Schrodinger equation 

For reader convenience we shall obtain, in what follows, an exact solution of 
the Schrodinger equation by using the same method already presented in the 
reference 0. By considering the dipole (or long wavelength) approximation 
the one dimensional Schrodinger equation takes the form [2] 



d^{x,t) 



i<{x,t), (13) 



where A^it) is x component of the vector potential acting on the charged 
particle. At this point the exact analytical form of Ax{t) is not known, 
because the radiation reaction field Efiji{t) was not determined. For the 
moment we shall simply assume that Ax{t) is a c-number that varies with t 
and is independent of x. It should be noticed that this assumption is valid 
provided that mc^ ^ hjQ. 

The time independent Schrodinger equation has a ground state solution 
(po{x) such that 



Moreover, we see that 

h 

dx (f)l{x)x'^ = . (15) 

ZTflUln 
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The time dependent equation (fT^ has an exact solution that can be written 
as 



ip{x,t) =00 (x-gcW)exp 



p,{t) + -A,{t)) X - g{t) 



(16) 



where the functions qdt), Pc{t) and g{t) are unknown c-numbers that will be 
determined by the substitution of (fT?)|l into (|T!^ . This is an old procedure, 
introduced by Schrodinger (1926) in a famous paper entitled "The Continu- 
ous Transition from Micro to Macro-Mechanics" (see reference jH], pg. 41). 
With the above substitution, we get the following equations [TUj : 



(17) 



and 



Pc{t) = -muj^qcif) 



edA^{t) 



c dt 



We also obtain the equation 2g{t) = hjjQ + mq^{t) —mujQq^it), which solution 
can be written as 



9{t) 



hunt m 

— — H 

2 2 



dt'{m--^im) ■ 



One can combine ()17j) and ()18|1 to obtain the differential equation 

mqdt) = -mulqcit) + ei?^(t) , 



(19) 



(20) 



where we have used the fact that cEj.{t) = —dAx{t)/dt. Notice that, by 
assumption, every term in ()20|) is a c-number. According to our definition, 
the total electric field will be given by 



E,{t) = Eo{t) + ERR{t) , 



{2V. 



where -Eo(^) (see equation (0)) is the classical zero-point field and Ejmit) 
is the classical radiation reaction field (the particle is charged, therefore the 
radiation reaction field must contribute to Ex{t)). 

The correct expression for the classical radiation reaction force eERii{t) 
is more difficult to obtain because, according to the Schrodinger picture, the 
charged particle does not have a precise location. One can only say that 



(a;,t)p 



exp 



h 



21 



(22) 



is the time dependent probability density. Notice that, in order to obtain 
()22|1 . one must solve pn|) which depends on the still undefined radiation 
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reaction force eER^it). This force, however, can be precisely defined in the 
case of large mass, so that mc^ ^ Jtwq. In this case, one can safely consider 
that ^ 

eERRit) ~ ^ (t) , (23) 

is a good approximation because the Gaussian ()22|1 is so narrow that the 
harmonically bound particle has a trajectory. Based on these considerations 
we conclude that the expression is valid in the case mc^ ^ Hloq, which is 
consistent with the long wavelength approximation. Therefore the equation 
()2U|) can be written as 

e 2e^ 

Ut) + ujlqdt) ^ -Eo{t) + ^ (t) , (24) 

where Eq {t) is given by (jH)) . The last term in is responsible for the decay 
of the excited states of the oscillator. 

The stationary solution of the equation is given by E] 



2 „ 
A=i 



27r 



+ C.C. 



(25) 



which is a random real function of the time. This stationary solution is 
obtained only if e 7^ 0. If e = the equation ()24|) will lead to oscillatory (non 
dissipative) coherent states of the harmonic oscillator. 

According to the Max Born statistical interpretation of the wave function 
ip{x,t), the expectation value of is given by 



x^{t) = / dx\^{x,t)\'^x'^. (26) 
J —00 

Taking into account the expressions ()16|) and (fT^ . one can show that 



x2(t) = / dx(l)lix - q,it)) [{x - q,it)y + q^^it)] 
J —00 

= (27) 

We recall that q^it) depends on the random phases 9{k, A). 

From the result ^I7\i we can calculate the mean square value of the particle 
position. This quantity is obtained by averaging over the random phases 
present in f03j) . 
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The average over the random variables (indicated by the symbol ()) is 
such that jH] 

^^e'e(k^)^-^e{k'^')^ = 5xx'5\k - k') . ^^^^ 
Hence, applying the random average to the expression ()27|). we obtain 

Using the stationary solution (j2Sl), the average of q^if) over the random 
phases is such that 



(g^^(t)) = r doO ^ , . (30) 



Since (||^^^)^ ^ 1, the integrand of (IHUj) has a very sharp peak at uo 
ujq. Therefore, this integral can be approximated by (see jSj and also the 
Appendix A of the reference 

This expression can be cast in a more simple form, namely 

^'^^^'^^ = 4^J, (c.- 0.0)2 + (7/2)2' (32) 

2 2 

where 7 = f^;;^, and ■j/ujq <^ 1. This is a standard integral and the result 
is 

(g2(t)) = 1 + arctan(^) ], (33) 

znmuJo 2 7 

showing that {q^if)) is charge dependent because ^ = An expansion 

of in powers of the small constant 7/ci.o gives 

m)) = 1 - -(^) + T^(^)' +•■■]• (34) 

Notice that 7/(^^0 ~ 10^^'^ for an atomic oscillator. 

Substituting the result in the expression pUjl . we get 

(^) = ^ , (35) 
mujQ 
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corresponding to a ground state energy that is twice the correct value ob- 
tained by using the Heisenberg picture. As far we know this discrepancy was 
first pointed out by A. J. Faria et ah j2]. 

In the following section we shall show that neither the thermal electro- 
magnetic fields, nor the radiation reaction force, are responsible for this dis- 
crepancy. It will be clear that the reason for the discrepancy is that the 
zero-point fluctuations was considered twice in the Schrodinger equation. 
This was suggested by Faria et al. in the section 5 of their paper j2j. We 
shall give the detailed proof that their suggestion is correct. 

2.2) The effects of the thermal electromagnetic fields 
and the radiation reaction in the Schrodinger equation 

Our first observation refers to the momentum operator used in the Schrodinger 
equation (fT^ . namely, p = —ih-^. This operator already contains the effects 
of the zero-point electromagnetic field. This can be easily recognized from 
the works of P. W. Milonni IT^ . According to Milonni the commutator 
between the operators x{t) and p{t) can be calculated within the Heisenberg 
picture and the result is (see [TT], section 2.6) 

[x{t),p{t)] = —— duj— — (36) 



m 3 J, (u^ - ujir + {^u^y 

where po{uj) is the zero-point spectral density given previously (see our equa- 
tion ((2j)). Only po{uj) depends on h. The calculation of the integral (fHHjl is 
similar to the calculation of {q^{t)) presented within the subsection 2.1. The 
result is 

[x{t),p{t)]=ih. (37) 

Noticed that the dipole approximation is used in order to obtain the results 
(j36|l and (j37jl . The conclusion is that, according to the Heisenberg picture, 
the constant h appearing in ()37|1 has its origin in the zero-point radiation 
with spectral distribution po{uj) = fuj^/27^'^c^. As we said above this was 
shown by P.W. Milonni in the references ^]. In words of Faria et.al. 
12]: "the kinetic energy operator used in the Schrodinger picture, namely, 
^ = —^7r-2, is the natural channel by means of which the zero-point 
electromagnetic fluctuations are incorporated into the Schrodinger equation 
for a charged particle" . 

Considering these observations, we conclude that only the radiation reac- 
tion and the thermal electromagnetic fields of the vacuum can be consistently 
introduced within the Schrodinger equation (|T3|l . However, it is possible to 
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replace the zero-point field Eo(t), used in the equation by the thermal 
random field Exit) given by (jH)). We shall show that this replacement will 
lead to correct results for several observable quantities. The discussion of the 
effects of the thermal fields is an interesting and clarifying example. 

Notice that the total electric field acting on the charged particle will be 
Ex(t) = Exit) + Ejijiit), where E^^it) is the radiation reaction field (see 
(123) )• As before the vector potential A^{t) is such that E^{t) = 

Following the calculations explained within the subsection 2.1 (see the 
equations (fTH|) to (jSlJ, it is straightforward to show that the function qc{t) 
will be given by the equation (j2Sl), with the replacement of a/ fyjj/2 by h^uj, T) 
introduced in Q. Moreover, it is easy to show that {q^{t)) will be given by 



(a'if\\- r J-M^oth(^W^ .3. 



instead of our previous equation (jSni)- Notice that coth(^|T) — l = (e^— 1)~^. 

Introducing again the constant — = ||^-^ <^ 1, the above integral can 
be calculated with the same approximations used previously (subsection 2.1). 
With this procedure we get 



h ( 1 



TT \1uJq ) StT \1uJq^ 



3 



mcuo \e^oA'^ - 1^ 
This new result combined with our previously expression ()29j] gives 



(39) 



This is the correct value of (x^) for an arbitrary temperature T. Notice 
that we get (x^) = when T = 0. This is expected on physical grounds, 

and is in agreement with calculation based on the Heisenberg picture. 

The conclusion is that the discrepancy between the Heisenberg and the 
Schrodinger pictures, pointed out by A.J. Faria et al. [2], is eliminated only 
when we remove the zero-point field Eo[t) from the Schrodinger equation 
()13|1 . The effects of the zero-point field are already included in the operator 
—ihd/dx. The inclusion of the fiuctuating thermal electromagnetic fields 
into the Schrodinger equation is necessary and helps in the clarification of 
this point. 
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We also would like to present another interesting effect of the inclusion 
of the thermal electromagnetic fields (see (jH)) and Q) into the Schrodinger 
equation We recall that (see p2|l ) 



[X. 



exp 



(41) 



where the fluctuating coordinate qdt) depends on the temperature T, and is 
such that 



A=l 



h(uj,T) 

271 



Uq — u'^ — i'-yu 



+ c.c. 



(42) 



A quantity of interest is the temperature dependent probability density 

Pt{x) ^ mx,t)\') , (43) 

where the symbol ( ) indicates average over the random phases 6{k, A). 
In order to calculate pHjl we shall introduce the Fourier transform 



2tt 



-ik{x—qc) 



'""°e.pl-^(.-,.W«. (44) 



TT 



h 



With this notation we obtain 



Prix) 



/+00 rlh hk^ 
-oo 27r 



(45) 



The calculation of the characteristic function (e*'^'^''*-*-') is standard. One 
can show that 



n=0 



or 



Jkgdt) 



n=0 



2! 4! 
(2n)! 



(46) 



(47) 



According to Boyer, (see eq. (68) of reference [0]), we have 



{2n)\ /%oth(f^)_i]y 



n\ 2 



2miUQ 



(48) 
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where the factor [coth(^^) — l] has its origin in the expressions 
qc{t), and © for h{uj,T). Using ^ and (gZI) into (03)) we obtain 



dk 
2^ 



e ''''' exp 



coth(— -^^ 

AmujQ 2kT 



The integration is straightforward leading to the result 



for 



(49) 



exp 



UIUJqX 



^coth(ll^) 



(50) 



valid for an arbitrary temperature T. This result is observed experimentally. 

Moreover, this expression for the quantum probability distribution Pt{x), 
associated with the probabilistic motion of a charged harmonic oscillator, was 
derived here in a simple and direct manner. It coincides with the result pre- 
sented by R.W. Davies and K.T.R. Davies ^H]- These authors have used the 
Wigner phase space distribution functions associated with the discrete ex- 
cited states of the harmonic oscillator, obtained according to the Schrodinger 
picture. In their work, the temperature effects are introduced by the use of 
the Boltzmann factors associated with each excited state. Notice that Davies 
and Davies jTHj do not mention, neither the effects of the thermal electromag- 
netic fields (see (jHj)), nor the dynamical role of the radiation reaction force. 
In this respect our calculation elucidates in details, and more clearly, the 
influence of the radiation reaction and the radiation bath on the oscillator. 



3. Conclusions 

The SED approach is mainly used in the study of linear systems or other 
systems that can be treated linearly in a good approximation. Interesting 
examples are the interaction of electric and magnetic dipoles with simple 
circuits with thermal and zero-point voltage fluctuations, as the RLC cir- 
cuit. New findings were obtained in this way, and were published recently 
[m UHl UH CH]- We caU the reader attention to the work of Blanco 
et.al. J7j concerning the enhancement of the voltage fluctuations by the 
action of the classical zero-point magnetic field in the coils of an appropri- 
ated constructed solenoid. This new prediction of SED is currently under 
experimental investigation by L.J. Nickisch jl^. A nonlinear phenomenon, 
namely, the "tunneling" from a potential well with a barrier, was successfully 
explained as an effect of the zero-point radiation |2Uj . 

In our paper we have studied a fundamental problem which is possible 
to be treated within the realm of SED. We have extended the analysis of A. 
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J. Faria et al. by considering the effects of the zero-point and thermal 
electromagnetic fields in a harmonic oscillator using the Schrddinger picture. 
The effects of the radiation reaction were also correctly taken into account. 
We concluded that the effects of the zero-point radiation are already included 
into the Schrddinger equation ( ti/jj) by means of the momentum operator p = 
—ih-^ (see also the references |21I21EJ which complement this statement). In 
our opinion, this is the most important finding of our work. Such a conclusion 
stresses the problem of the equivalence between the Schrodinger and the 
Heisenberg pictures of Quantum Mechanics (see the references ^E]) as far 
the harmonic oscillator is concerned. This is easy to understand because 
the effects of the zero-point field (0) has to be subtracted, in the Schrodinger 
treatment of the oscillator, in order to obtain the correct result (see the eq. 
()35|) in the subsection 2.1). This subtraction is not necessary in the case of 
the Heisenberg picture fl\ lllj. 

Acknowledgements 

One of us (H.M.F.) wants to thank Professor Jean-Pierre Vigier for inter- 
esting comments concerning the subject of this paper, and to Prof. Coraci 
P. Malta for a critical reading of the manuscript. We acknowledge the fi- 
nancial support from Fundagao de Amparo a Pesquisa do Estado de Sao 
Paulo (FAPESP) and Conselho Nacional de Desenvolvimento Cientifico e 
Tecnologico (CNPq - Brazil). 

References 

[1] P.A.M. Dirac, Phys. Rev. B 139 (1965) 684. See also P.A.M. Dirac, 
Lectures on Quantum Field Theory, Belfer Graduate School of Science, 
Yeshiva University, New York, 1966, No. 3. 

[2] A.J. Faria, H.M. Franga, CP. Maha and R.C. Sponchiado, "Critical 
assessment of the Schrodinger picture of quantum mechanics", Phys. 
Lett. A 305 (2002) 322. 

[3] J. Dalibard, J. Dupont-Roc and C. Cohen-Tannoudji, "Vacuum fluctu- 
ations and radiation reaction: identification of their respective contri- 
butions", J. Physique 43 (1982) 1617; 45 (1984) 637. 

[4] H.M. Franga, H. Franco and CP. Malta, "A stochastic electrodynamics 
interpretation of spontaneous transitions in the hydrogen atom", Eur. 
J. Phys. 18 (1997) 343. 



13 



[5] T.W. Marshall, "Random electrodynamics" , Proc. Roy. Soc. Ser. A 276 
(1963) 475. 

[6] T.H. Boyer, "General connection between random electrodynamics and 
quantum electrodynamics for free electromagnetic fields and for dipole 
oscillator systems", Phys. Rev. D 11 (1975) 809. See the section III-B 
for a justification of the use of the dipole approximation. 

[7] P.W. Milonni, "Semiclassical and quantum-electrodynamical approaches 
in nonrelativistic radiation theory", Phys. Rep. 25 (1976) 1. See in par- 
ticular the section 5. 

[8] L. de la Pena and A.M. Cetto, The Quantum Dice. An Introduction to 
Stochastic Electrodynamics, A. van der Merwe ed., Kluwer Academic, 
1996. 

[9] E. Schrodinger, Collected Papers on Wave Mechanics, Blackie & Son 
Limited, 1929. 

[10] K. Husimi, "Miscellanea in Elementary Quantum Mechanics 11", Prog. 
Theor. Phys. 9 (1953) 381. 

[11] P.W. Milonni, The Quantum Vacuum: An Introduction to Quantum 
Electrodynamics, Academic Press, 1994. 

[12] P.W. Milonni, "Radiation reaction and the nonrelativistic theory of the 
electron", Phys. Lett. A 82 (1981) 225. 

[13] R.W. Davies and K.T.R. Davies, "On the Wigner distribution function 
for an oscillator". Annals of Physics 89 (1975) 261. Notice that our result 
()50|) for Px{t) coincides with the expression (44) of Davies and Davies. 

[14] R. Blanco, K. Dechoum, H.M. Franga and E.Santos, "Casimir in- 
teractions between a microscopic dipole oscillator and a macroscopic 
solenoid", Phys. Lett. A 57 (1998) 724. 

[15] H.M. Franga and R.B.B. Santos, "Anomalous paramagnetic behaviour: 
the role of zero-point electromagnetic fluctuations", Phys. Lett. A 238 
(1998) 227. 

[16] H.M. Franga and R.B.B. Santos, "Resonant paramagnetic enhancement 
of the thermal and zero-point Nyquist noise", Phys. Lett. A 251 (1999) 
100. 



14 



[17] R. Blanco, H.M. Franga, E. Santos and R.C. Sponchiado, "Radiative 
noise in circuits with inductance", Phys. Lett. A 282 (2001) 349. 

[18] A.J. Faria, H.M. Franca and R.C. Sponchiado, "Radiative noise in 
circuits with inductance: Poynting vector, radiation emitted by the 
solenoid and stabihty of the spectrum" , Phys. Lett. A 295 (2002) 8. 

[19] Dr. L.J. Nickisch, NorthWest Research Associates, and Dr. Vicent L. 
Teofilo, Lockheed Martin Advanced Technology Center, private com- 
munication. 

[20] A.J. Faria, H.M. Franga and R.C. Sponchiado, "Tunneling as a Classical 
Escape Rate Induced by the Vacuum Zero- Point Radiation" , to appear 
in the Foundations of Physics (2006). 



15 



